We obtain, using transfer matrix methods, the distribution function P (R) of the end-to-end distance, the loop formation probability and force-extension relations in a model for short doublestranded DNA molecules. Accounting for the appearance of "bubbles", localized regions of enhanced flexibility associated with the opening of a few base pairs of double-stranded DNA in thermal equilibrium, leads to dramatic changes in P (R) and unusual force-extension curves. An analytic formula for the loop formation probability in the presence of bubbles is proposed. For short heterogeneous chains, we demonstrate a strong dependence of loop formation probabilities on sequence, as seen in recent experiments.
The physics of bending and loop formation in DNA is key to a variety of regulatory processes within the cell. Loop formation in DNA is believed to be central to enhancer action, while the compactness of DNA packaging within the nucleosome necessitates the bending of DNA over length scales of a few tens of base pairs [1, 2] . In a broader context, the modelling of bending and looping in biopolymers at length scales over which intrinsic stiffness plays a dominant role is a problem of general relevance.
Worm-like chain (WLC) models of DNA elasticity incorporate semi-flexibility, describing the chain in terms of a persistence length l p , the length-scale at which tangent vectors to the polymer are decorrelated [3] . On scales smaller than l p , bending energy dominates and the chain is relatively stiff. It has conventionally been assumed that the relatively large energy required to bend short double stranded (ds) DNA of length L ∼ 100 base-pairs (bp) into loops necessitates the intervention of DNA-binding proteins. Recent DNA cyclization experiments of Cloutier and Widom (CW) which study relatively small, isolated dsDNA sequences question this assumption [4] . In the CW experiments, DNA molecules that are 94 bp in length, comparable to sharply looped DNAs in vivo, spontaneously cyclize with a large probability. Theories of DNA elasticity based on the homogeneous WLC model predict cyclization probabilities three to four orders of magnitude smaller than those obtained experimentally [5] , indicating, in the words of Cloutier and Widom, "a need for new theories of DNA bending" [4] .
The problem posed by these experiments has stimulated much recent work on modelling loop formation in short DNA molecules [6, 7] . An attractive explanation for this discrepancy is the existence of "bubbles", localized regions of large flexibility induced by the opening of a few base pairs of dsDNA in thermal equilibrium [6] . (Alternatively, it has been argued that non-linear elastic effects relevant at high curvature might induce a kinking transition [7] .) Bubbles (or kinks) are argued to greatly increase the flexibility of the WLC in their vicinity, thereby enhancing the cyclization probability [6, 7] . Recent transfer-matrix based calculations implement this idea, but restrict themselves to the computation of the cyclization probability [6] .
In this Letter we report the first calculation of the distribution function of the end-to-end distance P (R) in a model for short dsDNA fragments with equilibrium bubbles. We propose an analytic formula describing the loop formation probability density P (0) in such fragments and compare this formula with results from numerical calculations. Varying the chemical potential for bubbles leads to behaviour which interpolates between fully flexible, semiflexible and rigid rod limits, resulting in a variety of non-trivial force-extension curves. Simple extensions of our model which simulate DNA heterogeneity indicate that such heterogeneities can be important determinants of the cyclization probability in small chains.
We use the well-known connection of the WLC model, with hamiltonian
2 constrained by |t 2 (s)| = 1, to the Heisenberg spin model [9, 10] .
Here t(s) ≡ ∂r(s)/∂s is the unit tangent vector and κ is the bending stiffness. The persistence length is l p = βκ with β = 1/k B T . Mapping the continuum model to the discrete one requires that a minimum coarse-graining length scale be specified. We fix this to be b 
The energetics of ds DNA in the presence of bubbles in equilibrium is modelled via the following hamiltonian [6] 
Here τ i is a local variable which specifies whether a given bond forms part of a bubble or not: The distribution function P (R) of the end-to-end vector R = N i=1t i is
...
where N fixes dRP (R) = 1. With one end of the polymer at R = 0, the probability p(z) for the other to be in a given z-plane is related to P (R) through
After performing the τ i summation, Z(f ) can be computed using transfer matrices [12] . Once Z(f ) is known,p(f ) and p(z) can be computed. P (R) is then finally obtained, exploiting the tomographic methods outlined in Ref. [11] and symmetry arguments, from P (R) = (−1/2πz)dp(z)/dz| z=R . We can either allow the tangent vectors at the two ends to fluctuate independently, corresponding to free boundary conditions on the tangent vectors, or require that they be equal, a boundary condition believed to be appropriate to the CW experiments.
We benchmark our methods by computing P (R) for a homogeneous semiflexible polymer in the absence of bubbles, (i.e. µ = ∞), at various L/l p values. Our approach yields results which are fully consistent with previous work, reproducing known answers from simulations and analytic work [13, 14] . In addition, for L/l p = 3.85, we recover the double hump feature in the distribution function reported recently [11, 15] . We have also computed the loop formation probability density P (0) (defined as P (R = 0)) for the entire range of L/l p values, obtaining results which agree well with the Shimada-Yamakawa formula [5] . To incorporate bubble formation, we fix βJ d = 50 for the double stranded region and βJ s = 1 for the bubble region, consistent with measures of the persistence length [16] . Our results for L = 50 are plotted in Fig. 1(a) for βµ = 6, 7 and 9. (The free energy cost in units of temperature βµ to form a 3bp bubble can be estimated to lie between 6 and 15 depending on the sequence [6] ). For βµ = 6 the distribution function peaks at R = 0. Remarkably, for βµ = 9, the distribution function alters completely, with the peak shifting to near R = L.
For intermediate values of µ, the peak of P (R) interpolates between R = 0 and R ≃ L.
For L/l p = 1, P (R) exhibits a double hump feature when βµ = 6.9, as described earlier for semiflexible chains in the regime in which L/l p ∼ 3.85.
The loop formation probability density P (0) is experimentally accessible. Fig. 1(b) shows P (0) (symbols) at different values of µ, as L is varied. The boundary condition imposed allows the tangent vectors at the chain ends to fluctuate independently. The lines through the data points are predictions of the analytic theory described below. At large µ, the results asymptote to those obtained for µ → ∞. As µ is decreased from infinity, bubbles are favoured and P (0) increases sharply at small L.
We have specialized our calculations to allow for the insertion of a single bubble at arbitrary points along the chain. This allows us to check for the optimal bubble location.
We compute P (R) for the case in which a single bubble is placed at the centre (L/2) as well This observation justifies a simple analytic approach to P (R) and the loop formation probability density: The distribution function P (R) for short DNA molecules (L ≪ l p , so they may be assumed to be rigid to a first approximation) with one bubble in the middle can be represented in terms of two infinitely rigid rods of length L/2 connected with a flexible hinge. In the limit where the bending energy cost at the hinge is zero, the probability distribution function is that of a random walk with two steps of equal size L/2. This yields P (R) = 1/(2πL 2 R), a behavior similar to that obtained from the transfer matrix calculation;
see the top curve of Fig. 2 (main panel) .
Analytic results beyond the assumption of rigid rod behaviour can be derived for the loop formation probability density at large µ, at which the effects of a single bubble dominate.
We have found that the distribution function of the end-to-end vector P (R, L, l p ) for a semiflexible chain of length L with a persistence length l p in a regime relevant to the DNA molecules in the CW experiment, is dominated by the weighted sum of two terms. The first term, P 0 (l p , L), is the contribution in the absence of bubbles, while the second,
reflects the contribution from a single bubble placed at the centre of the chain. Thus, P (R, L, l p ) in the limit R → 0, the loop formation probability density, is then
(The factors of 2l p e −βµ are fixed by the normalization appropriate to the calculation of the loop formation probability density from the spin model.) The Shimada-Yamakawa theory of the cyclization of semiflexible polymers provides quantitative estimates of P 0 (l p , L) [5] in the limit relevant to the Cloutier-Widom experiments.
The term P 1 (l p , L) represents the loop forming probability density of a chain of length L with a flexible hinge in the center. We exploit an accurate variational expression for the end-to-end distribution function of a semiflexible chain of length 2 with g = 9L/8l p , and obtain P (0) from an integral over the product of P (R, L)'s of the form dRP (R, L/2)P (−R, L/2). This leads to
, where x = 2R/L and f (x) = 2 ln x − 9 ln(1 − x 2 ) − g/(1 − x 2 ), and
is a normalization factor [17] . The integral is first approximated by saddle point techniques. We then multiply the resulting analytic expression by a further constant factor of 2.273, to match with results obtained through numerical integration. This procedure yields near perfect agreement with numerics in the range 0 < L/l p < 3; a range over which the integral varies across 12 orders of magnitude. Further specializing the resulting expression to the L/l p regime explored in the CW experiments yields a single formula for P (0), involving βµ and l p :
y 2 1−y 2
where y 2 = 1.037 − 0.1667L/l p . This formula is compared to the results of the transfer matrix calculations in Fig. 1 . The agreement is satisfactory, particularly at large µ, where the "single bubble" approximation is expected to be accurate. This average force is f = −∂ log (P (R))/∂R. Since our calculations access P (R) directly, we can calculate this average force as a function of extension in all the cases discussed earlier. We find that the FE curves are strongly ensemble dependent for small chains -FE relations in the fixed force ensemble are always monotonic [7] , while non-monotonic relations can be obtained in the fixed extension ensemble. Such non-monotonicity disappears in the L → ∞ limit, where FE curves calculated in both ensembles coincide, as expected. Fig. 3 shows plots for homogeneous chains setting βJ = 50 and βµ = 6 and 9, of f vs. R, in the constant extension ensemble (plots (b) and (a), respectively), as well as in the constant force ensemble, in which R vs. f is calculated (see plots (c) and (d)), illustrating these conclusions.
We have also investigated the effects of sequence heterogeneity on the loop formation probability density and P (R). The energy to break paired bases is strongly sequence dependent, and alters the local value of J. (It is known that A-T bonds are more easily broken than G-C bonds [2, 18] .) Intuitively, regions of reduced bending rigidity should play a role similar to that played by bubbles, reducing the energy required to bend the chain at spe- strong bonds down at random, subject to the constraint that they are equal in number. We have checked that in the limit of large chains, the results for a typical random sequence of weak and strong bonds are close to those obtained from the homogeneous case with βJ = 50.
Our results are the following: as is intuitively clear, the case in which the stretch of weak bonds is placed in the centre, case (a), yields the largest values for P (0) while the case in which strong bonds populate the centre, case(b), yields the smallest. The random chain result, case (c), is close to the result for the homogeneous case. The variation in P (0) spans a full order of magnitude or more for short chains at these parameter values, indicating the importance of sequence heterogeneity for loop formation.
In conclusion, we have computed a wide range of physical properties of a simple model for short dsDNA molecules which incorporates the presence of bubbles in equilibrium. We point out that several physical properties of short dsDNA molecules, as reflected in P (R), are strongly affected by bubble formation. Our model is easily extended to account for sequence
